UNCLASSIFIED 


r 


Reftfiiixluced. 
idf-  ike. 


ARMED  SERVICES  TECHNICAL  INFORJUnON  AGENCY 
ARLINGTON  HALL  STATKRI 
ARLINGTW  12,  VIRQNIA 


UNCLASSIFIED 


NOTICE:  When  government  or  other  drawings,  speci¬ 
fications  or  other  data  are  used  for  any  purpose 
other  than  in  connection  with  a  definitely  related 
government  procurement  operation,  the  U.  S. 
Government  thereby  incurs  no  responsibility,  nor  euiy 
obligation  whatsoever;  and  the  fact  that  the  Govern¬ 
ment  may  have  formulated,  furnished,  or  in  any  way 
supplied  the  said  drawings,  specifications,  or  other 
data  is  not  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  manner  licensing  the  holder  or  any 
other  person  or  corporation,  or  conveying  any  ri^ts 
or  permission  to  manufacture,  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


FLEXURE  OP  CIRCULARLY  ANISOTROPIC 
CIRCULAR  PLATE  WITH  ECCENTRIC  LOAD 


by 

I.  A.  Mlnkarah 
and 

W.  H.  Hoppmann  II 


Department  of  the  Army  -  Ordnance  Corps 


Contract  No.  DA-30-115-509-0RD-912 


■I  5  ]■ !  A 


Department  of  Mechanics 
Rensselaer  Polytechnic  Institute 
Troy,  New  York 


February  1963 


FLEXURE  OP  CIRCULARLY  ANISOTROPIC 
CIRCULAR  PLATE  WITH  ECCENTRIC  LOAD 


by 

I.  A.  Minkarah 
and 

W.  H.  Hoppmann  II 


Department  of  the  Army  -  Ordneuice  Corps 
Contract  No.  DA-30-115-509-QRD-912 


Department  of  Mechanics 
Rensselaer  Polytechnic  Institute 
Troy,  New  York 


February  1963 


FLEXURE  OF  CIRCULARLY  ANISOTROPIC 
CIRCULAR  PLATE  WITH  ECCENTRIC  LOAD 

1  2 
I.  A.  Mlnkarah  and  W.  H.  Hoppmann  II 

Introduction 

In  order  to  determine  the  elastic  compliances  of  an  anlso 
tropic  material.  It  Is  necessary  to  conduct  deformation  experi 
ments  on  a  portion  of  the  material  subjected  to  known  surface 
loads  and  displacements;  In  particular,  to  determine  the  com¬ 
pliances  for  thin  sheets  of  circularly  orthotropic  material 
it  will  suffice  to  load  with  an  eccentric  concentrated  force, 
a  circular  plate  of  the  material  supported  along  its  edge. 

The  plate  should  be  formed  so  that  its  radii  are  a  system  of 
principal  directions  for  stiffness  and  circles  concentric  v;ith 
the  boundary  of  the  plate  are  the  orthogonal  set  of  principal 
directions  of  stiffness.  Measurements  of  deflections  normal 
to  the  plate  surface  can  be  made  at  a  suitable  number  of  point 
appropriately  located.  The  introduction  of  these  measured  de¬ 
flections  into  the  theoretically  determined  equations  for  de¬ 
flection  enables  one  to  determine  the  elastic  compliances 
simply  by  solving  a  set  of  simultaneous  equations  in  the  com¬ 
pliances. 
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The  theoretical  solution  for  the  circularly  orthotropic 
plate  with  clamped  boundary  and  subjected  to  an  eccentric  con¬ 
centrated  force  has  been  obtained  by  A.  M.  Sen  Gupta  [1]^. 
However,  It  turns  out  that  It  Is  more  convenient  to  perform 
the  experiments  on  a  plate  having  so-called  simply-supported 
or  moment less  edge.  A  study  of  the  methods  of  providing  ex¬ 
perimentally  any  desired  rotational  constraint  on  a  boundary. 
Including  the  case  of  momentless  edge,  has  been  presented  In 
the  technical  literature  [2].  The  usefulness  of  the  momentless 
edge  condition  has  been  particularly  emphasized.  Consequently, 
It  Is  desirable  to  have  available  the  solution  of  the  plate 
equation  which  satisfies  such  a  boundary  condition.  It  Is  the 
purpose  of  the  present  report  to  provide  the  solution  for  that 
case. 


Differential  Equation  of  Plate  Flexure 

Using  s^j  to  denote  the  compliances,  the  stress-strain 
law  for  the  problem  under  consideration  In  polar  coordinates 


Is  as 

follows 

I3,4]: 

"r 

“  hi 

^r  +  3^2 

^^0 

^0 

*  ®21 

®r  ®22 

*^0 

^rO 

“  ®66 

'*’r0 

where 

®12 

=  Sgi 

• 
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Uslng  the  principles  of  plate  theory  for  small  deflections 
and  the  proposed  stress-strain  law  It  can  readily  be  shown  that 
the  Differential  Equation  for  flexure  Is  [l,5]s 


i7 


5^w 


2D. 


Sr^ 


^^r9  S^w 

r^  irii^ 


^0  S^w  .  ^^^0  ■*■  ^r0^  S^w  .  ^0  3w 

?  i; 


q(r>®) 


where : 


w  =  deflection  of  the  plate 
r, 0  =  polar  coordinates 

q(r,0)  =  P  =  concentrated  force  for  this  problem 

h  =  thickness  of  plate 

®r  “  ^/®22 

E0  = 

®  “  l/®66 

Vj,  =  ‘*®i2/®22 

V0  =-Si2/®li 


12(1-v^Vq) 
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Solution  of  the  Plate  Equation 

Assume  that  a  concentrated  force  P  is  applied  to  the 
surface  of  the  plate  at  a  distauice  b  from  the  center.  Then 
imagining  the  plate  of  radius  a  to  be  divided  into  two  re¬ 
gions  by  the  concentric  circle  of  radius  b  ,  we  may  use  the 
solution  for  the  plate  equation  with  q(r, 0)  taken  identically 
zero  for  each  region  of  the  plate. 

The  solution  for  the  portion  of  the  plate  given  in  region: 

0  <  r  <  b 

may  be  written: 

00 

"l  =  "o  L  **111  ”  ® 

m=l 

and  the  portion  given  in  region: 
b  <  r  <  a 

may  be  written: 

00 

*  -  Ro+  I  cos  m  0  . 

m-1 

Defining 
k  = 


the  function  Rq  may  be  written 
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=  A. 


_l+k  Tj 
V  +  B/ 


=0 


+ 


.1-k 


for  ^  ±  ^  01*  0 

2  2 

and  Rq  s=  Aq  +  Bq  r  +  Cq  log  r  +  Dq  r  log  r 

for  k  =  +  1  . 

The  characteristic  equation  corresponding  to  the  homo¬ 
geneous  differential  equation  is: 

-  (1  +  k^  +  2a'  m^)X^  +  k^(m^  -  1)^  «  0 


t  ^rQ 

where  a  =  — - 
“r 


The  roots  of  this  equation  may  be  written: 


i  (Pm  i  ^Pm  “  m  2  2 


and 


+  for  m  «  1 


whence  we  have  for  m  >  2 

mm  m  m  m 


and  for  m  =  1 


1+k,  1-k- 

Rl  =  Ai  r  +  r  +  r  ■*■  +  r  log  r  . 
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Sirallarly  we  may  write  solutions  for  the  inner  portion  of 
the  plate  in  terms  of  the  primed  functions  '  ^1  '  ^  • 


Also  using  the  normalizing  conditions  of  boundedness  for 
deflection,  moment,  and  shear  force  at  the  center  of  the  plate 
we  have: 

Cq  =  Dq  =  0  from  slope  and  shear 

=  0  from  slope  and  deflection 

^m  “  ^m  “  °  Pm  >  ‘^m  * 


Hence 


Rq 


Aq  r  +  Bq 


1+k, 


+  r 


<  - 


A'  +  B’ 

m  m 


Therefore  we  have  six  sets  of  constants  to  be  determined  by  the 
two  boundary  conditions  at  r  =  a  and  the  four  continuity  con¬ 
ditions  at  r  =  b  . 


From  the  requirement  of  continuity  at  r  =  b  we  have: 


w  «  w^ 


3r  dr 


and 


Also,  if  the  concentrated  force  P  is  esqpanded  in  a 
Fourier  series  in  the  angle  0  we  have: 


Furthermore,  the  shear  force  condition  at  r  =  b  is; 

^  ^  (  1  +  y  003  m  e  ) 

dr^  irbDp  2 

and  the  boundary  conditions  at  the  edge  of  the  plate,  r  =  a 
for  so-called  simple  support  or  momentless  boundary  are; 


w  =  0 


and 

&• 

’e  ( : 

at 

r  =  a 

but  since  w  =  0  at 

r  -  a 

then 

^  =  0  at 

hot 

r  =  a 

and  the 

=  0  condition 

2 

Sw  .  1  3  w 

r 


)  =  0 


''e  dw  ^ 
— +  —  —  =  o 

hr  r  hr 


Using  the  six  sets  of  equations  to  determine  the  corre¬ 
sponding  six. sets  of  constants  the  primed  and  unprlmed  func¬ 
tions  R  become  ejqpllcltly; 
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^0  = 


r  1  k~l  1  j 

^1+kL  (k+v_)  k  v_+k  a  J  a 


4irD^(k  -1)  ^1+kL  (k+v^) 


1<;_1  (S+k+Vg) 


+  ^  ile  (b) 


k+1  (k+v.)  k+1  k+v 


-  (£)  .1  (b)  (b) 

a  k  a  r 


k,  +1 


Ri  =  - 


—  I  1 

h 


k,  k,  1+k, 

2a  -^(I+Vq)  -  {l+VQ-kj^)b  -^r 

- 5Er~x; - 

(a  b  ■^)(l+k^+VQ) 


.  2(b+''e)  _ 

+ - j- - j—  r 

a  1  b  1 


p„ ( l+VQ-2q„ )  ^  ^  ^  Prn'*^'*'^ 
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and  for  the  primed  functions: 


RA  = 


Pa' 


{ 


1  r2(l+''Q)  k-i 


_ _  I  -  ^  ^ 

®  4TrD^(k^-l)  ^  1+k  L  (k  +  Vg)  k  v^+k  a  J  a 


0" 


ir  1  S+k+v^  p  1+Vq  ,  1+k  "h  ^  1  h  ^  T*  1+k 

+  ^ - 5  - 2  (^)  -  (^)  -  i(^)  (^) 


k+1  1c+Vq  k+1  k+Vg  a 


k  a  b 


k,  +1  1+k 


R»  _  -  Pb  r  r _ i  _ 

^  airk^Dy  1. 


k:,  ic^ 

1  2a  ■^(l+VQ)-(l+VQ-k^)b  ^  1+k^ 


2(1+Vg) 

"TcZ  kT 
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a  1  >^  1 

a  b 


log  - 
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It  can  be  easily  shown  that  the  isotropic  solution  will 
be  obtained  if  we  use  the  following  values  for  the  pareimeters: 

k  =  l,  k^=2,  = 

=  D  ,  and  =  v 


Also, 

Pa^  . 

‘HrDj.(li;+l)2  k+Vg 

which  is  the  deflection  under  a  concentrated  load  P  of  a 
simply  supported  circular  plate  with  circular  anisotropy  t5]» 

Now  that  the  R  functions  are  explicitly  given  in  terms 
of  the  elastic  compliances  the  deflection  equation  for  a  simply 
supported  circular  plate  with  eccentric  concentrated  force  is 
completely  determined. 

Experiments  to  determine  deflections  can  now  be  conducted 
on  the  anisotropic  plate  with  the  given  load  and  boundary  con¬ 
ditions.  As  a  consequence,  a  sufficient  number  of  simultaneous 
equations  involving  only  the  elastic  compliances  as  unknowns 
can  be  set  up  and  solved  to  give  the  desired  value  of  the 
compliances. 


lim 
b  -*•  0 


w 


r=b 
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